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Introduction
Usage of composite structures in aerospace applications has significantly increased in the last decade and the buckling performance is often the primary design criterion of these structures. The buckling resistance of conventional composite laminates with constant ply angles is achieved by the arrangement of ply stacking sequence through the thickness and results in constant stiffness properties across the planform of the plate with tailorability limited to the through-thickness direction. The principle of variable angle tow placement allows fibre orientations to change with position over the entire plane of a ply and results in varying in-plane stiffness properties. This provides the designer more tailoring options to design composite plates with desired stiffness and buckling resistance. Previous work [1, 2, 3, 4, 5, 6] has extensively demonstrated the significant improvement of buckling load carrying capability of variable stiffness composite laminates utilising VAT concepts and these works generally relied on finite element modelling to perform structural analysis of VAT plates. In our work, a novel fibre orientation representation strategy and improved analytical models based on Rayleigh-Ritz method are presented for the buckling analysis of VAT plates.
Different schemes to define the tow-steering fibre paths (orientations) in variable stiffness plates have been presented previously. Nagendra et al. [3] employed NURBS (Non-uniform rational B-spline) curves to construct manufacturable fibre paths with a fixed number of control points. Honda et al. [7] used a linear combination of B-spline functions to represent the fibre paths varying along one direction. Gürdal and Olmedo [8] proposed the definition of linearly varying fibre orientations, which can be mathematically described by three independent angles (φ T 0 |T 1 ). The linear variation of fibre angles has been widely adopted in the analysis, design and manufacture [4, 2, 9, 10, 5] of tow-steered composite structures. Later, Parnas et al. represented the fibre angles in terms of either Bezier curves or cubic polynomials [11] . Setoodeh et al. [12, 13] extended linear variation of fibre orientations into a nonlinear form using Lobatto polynomials and the fibre angles vary along both x, y directions. However, the coefficients of Lobatto polynomials were not directly related to the fibre angles. In this work, an alternative definition of the nonlinear distribution of fibre angles based on Lagrangian polynomials is proposed, in which the coefficients of the polynomials are directly equal to the fibre angles at a set of pre-selected reference points. By independently varying the fibre angles at each reference point and using sufficient terms of in-plane polynomials, an extended design space for VAT plates can be achieved, compared to linear variations.
For variable stiffness plates subjected to compressive loads, the distribution of in-plane prebuckling stresses is often non-uniform and requires accurate determination in advance of buckling analysis [2] . Solving the prebuckling problem efficiently and accurately is important for the evaluation of buckling load of VAT plates [5] . Olmedo and Gürdal [2] applied the Rayleigh-Ritz method to analyse the buckling response of VAT plates with linearly varying fibre angles. They presented the results of two specific examples, for which the closed-form expressions of prebuckling resultants were available. For the general prebuckling problem, they used a numerical tool (ELLPACK) to solve the coupled in-plane equilibrium equations on displacement fields (u, v) with variable coefficients. This approach requires an iterative procedure to achieve converged displacement solutions and requires relatively significant computational effort. Other recent work on the buckling analysis and design of VAT plates mainly relied on the finite element method (FEM) [14, 6] . The FEM models of VAT plates requires an additional routine to discretize the fibre orientations for each ply and requires more elements to capture the fibre distribution than is usually required to capture an accurate mode shape [6] . The FEM models provide accurate solutions, but require more computational effort when combined with optimisation algorithms to design VAT plates. In this paper, a more efficient and robust model based on the Rayleigh-Ritz method is developed to perform both the prebuckling and buckling analysis of VAT plates subject to axial compressive loads. The model formulation is based on the works proposed by Martin and Leissa [15] and Pandey et al. [16] , however their approaches were limited to specific boundary conditions and loading cases. The extended new model overcomes these limitations and is suitable for the buckling analysis of compressive loaded VAT plates under general boundary conditions. Unlike conventional composite laminates, the design of variable stiffness plates is complicated because of the number of variables involved in designing continuous tow steered fibre paths for each ply in the laminate. Ghiasi et. al. [17] presented a thorough review of the advantages and limitations of various optimisation techniques used in the design of variable stiffness composite plates. Lund et. al. [18] used a discrete material optimisation approach to design laminated hybrid composite plates with variable stiffness for maximum buckling load. They used a gradient based technique and mathematical programming to compute the optimal fibre angle distribution in the composite laminate. Setoodeh et. al. [14] proposed a reciprocal approximation technique to design VAT plates for maximum buckling load and used nodal fibre angles as design variables. In their approach, the computational effort significantly increases with the increase in number of design variables associated with increased mesh density. IJsselmuidenet. al. [6] used lamination parameters to design VAT plates for maximum buckling load and this approach was shown to considerably reduce the number of design variables. However, it requires additional effort to convert the optimal lamination parameters distribution results into manufacturable continuous fibre path distribution across the planform of the plate [12, 19] . Tatting et. al. used a three parameter curvilinear fibre path definition and a genetic algorithm to design VAT plates for maximum buckling load. The linear fibre angle variation along a particular direction results in a restricted design space and limits the tailorability options. The design space can be expanded by allowing the fibre orientation to vary in both principle directions. The design problem based on the proposed fibre angle representation is non-convex and a Genetic Algorithm (GA) was chosen to solve the optimisation problem. Note, GAs are a well-established global search algorithm based on the theory of evolution [20] and are capable of modelling nonconvex optimum problems. Applications of GA for the buckling design of composite laminates have been done previously [21, 22, 23] , for example Le Riche and Haftka used a GA to design laminates stacking sequence [21] . The accuracy, speed and efficiency of the proposed Rayleigh-Ritz model for the buckling analysis of VAT plates reduces the computational effort required by a GA to perform a global research.
In this paper, a new mathematical description based on Lagrange polynomials is presented to define the general distribution of fibre angles varying in the x, y directions. A numerical model based on the Rayleigh-Ritz method is developed for the prebuckling and buckling analysis of VAT plates subject to uniaxial compression. The novel aspect of the Rayleigh-Ritz formulation provides generality to model both the load and displacement boundary conditions for in-plane analysis of VAT plates effectively. The effect of anisotropic flexural-twisting coupling was considered in the buckling analysis of VAT plates for different plate boundary conditions. The buckling loads of VAT plates with linear variation (LV) of fibre angles were first evaluated using the proposed model and the results were validated using FEM. Then, a GA was applied to compute the optimal nonlinear fibre angle distribution of different layups for maximum buckling load under simply supported and free edge boundary conditions.
VAT laminates
The variable stiffness plate concept realized by using advanced tow placement techniques provides considerable freedom for stiffness tailoring in structural design. Understanding of the mechanics behind the improvement of structural performance of VAT laminates is essential for a good design. A mathematical description of either the steered fibre paths or the varying fibre orientations is prerequisite for the study of VAT laminates. In this work, the definition expressed in terms of fibre angles is used for VAT plate design as it is more sensitive to stiffness and strength tailoring criteria. The fibre angle distribution is then used to generate manufacturable curvilinear tow paths for the VAT laminates. In this work, a polynomial description was chosen to represent the fibre angle definition because of its generality and is explained in the following subsections.
Linear variation of fibre orientation
The linear variation of fibre orientation angles is defined by [5] ,
where T 0 and T 1 are fibre angles at two prescribed reference points (A and B) respectively, d is the distance between points (A, B) and φ is the angle of rotation of the fibre path [5] .
Nonlinear variation of fibre orientation
In general, nonlinear distributions of fibre orientations on an x − y plane can be represented by a double series function, for example the Lobatto polynomials [13] . In order to give a clearer description for fibre angles, the nonlinear variation (NLV) of fibre orientations is now defined and is based on a set of M ×N pre-selected reference points in the plate domain, as illustrated in Fig. 1 . A double series function of (M −1)
th by (N −1) th order polynomials is used to fit the nonlinear distribution of fibre angles. The coefficients of polynomials are determined by the fibre angles at those reference points and by using any orthogonal polynomial series the fibre angle distribution can be uniquely determined for the chosen fibre angle at each reference point. In this paper, Lagrangian polynomials are used and the nonlinear variation of fibre orientation angles is expressed in the following form,
where (x i , y j ), (x m , y n ) are the x − y coordinates of reference points. The advantage of using the Lagrangian polynomials in Eq. (2) to represent the nonlinear distribution of fibre angles is that the coefficient of each term (T mn ) is also the fibre angle at a specific reference point (x m , y n ). If the fibre angle is only allowed to vary along an axis, for example the x axis, Eq. (2) simplifies to
Similarly, for the given angle of rotation of fibre path φ, Eq. (3) changes to
When only two reference points (M = 2 and x 0 = 0, x 1 = d) are used, Eq. (3) simply reduces to the same definition of linear variation of Eq. (1). Generally, the grid reference points can be chosen randomly and not necessarily to be uniform. However, a good selection of reference points will accelerate the optimisation process and avoid entrapment in local minima. The choice of number and positions of reference points largely depends on specific VAT plate geometry, boundary conditions and loading cases.
Theoretical Modelling

Prebuckling
For a plate subject to given boundary forces (N 0 ), the plane elasticity problem is solved by minimising the total potential energy (Π p ), expressed in terms of displacement fields (u, v) as [15] ,
where Π s is the elastic strain energy of the plate. This approach was found to be intractable in determining the prebuckling analysis of VAT plate loaded by prescribed displacements. The main reasons are that the distribution of boundary forces corresponding to displacement boundary conditions is unknown and implicit, and also, minimisation of the potential energy fails to identify the coupled relation between the displacement fields (u, v) and unknown edge forces. Nevertheless, the study on prescribed displacement boundary conditions is important for either structural testing or practical loading cases. Closed-form solution for some specific cases of VAT plates loaded under uniform edge compression were given by Gürdal and Olmedo [8, 2] . In the current work, a generalised approach based on Castigliano's principle is applied to solve the prebuckling problem of VAT plates. In this approach, the in-plane equilibrium equations of the VAT plate are expressed using Airy's stress function. The condition of compatibility and prescribed displacement boundary conditions are satisfied through minimisation of the total complementary energy, given by [24] ,
The stress resultant distributions N are derived from the Airy stress function as follows [25] ,
The mid-plane strains are also rewritten in terms of Φ as,
where a ij (i, j = 1, 2, 6) are the inverse of the in-plane stiffness matrix (A). Combined with Eqs. (7) and (8), the complementary energy Π c of Eq. (6) can be expressed purely by a single function Φ. The following form of complementary energy with respect to normalised coordinates ξ = 2x/a, η = 2y/b (ξ, η ∈ [−1, 1]) is derived for the convenience of analysis,
where µ is the plate aspect ratio (a/b). The force function Φ is expressed in a separate form [16, 26, 27] as,
where Φ 0 (ξ, η) satisfies the applied force distribution along the edges of the VAT plate, which is an unknown function in the case of prescribed displacement boundary conditions. The second term Φ 1 (ξ, η) in Eq. (10) satisfies the stress free boundaries and is expanded into a series form [16, 26, 27] ,
It is observed that the stress-free constraints for Φ 1 are analogous to geometric boundary conditions of the clamped edges and the corresponding admissible functions are applied to X p (ξ) and Y q (η) [16] . The general prebuckling problem is solved by minimising the complementary energy of Eq. (9). However, the expression for Φ 0 (ξ, η), as well as the model implementation, varies with the in-plane boundary conditions and loading cases [28] . In the current work, the following assumptions were considered for the in-plane analysis of VAT plates: (a) the plate is symmetric and balanced about its midplane, thus no extension-shear coupling exists (A 16 = 0, A 26 = 0); (b) the plate is subject to an uniform displacement compressive loading (x = ± a 2 :u = ∓ ∆x 2 ), and the transverse edges are allowed to deform freely, therefore the edges are stress-free (N y0 = 0, N xy0 = 0) (Fig.  2) .
The function Φ 0 is only related to the unknown lateral boundary forces (N x0 ) and is expanded into the following series,
where c k are the undetermined coefficients for the force distribution along the edge and ψ k is an admissible function. When only one term is used in the above series, it represents the case of uniform compression loading. Substituting Eqs. (10, 11, 12) into Eq. (9) and minimising the total complementary energy Π * c with respect to the unknown coefficient φ pq , c k , a set of linear algebraic equations is obtained and expressed in the following matrix form:
U Uc Uc
where the matrices U and C are the components of strain energy (Π s ) expanded by the series of Φ 1 and Φ 0 , respectively. The matrix Uc denotes the coupling between the function Φ 1 and Φ 0 in the strain energy, O is a null matrix and P x0 is the part of the boundary integral expanded by the function Φ 0 . The detailed expressions of the elements in the matrices are presented in the Appendix. Eq. (13), is solved for the unknown coefficients φ pq , c k and are used to compute the in-plane stress distribution of VAT plates using the equations (7) and (10).
Buckling
The Rayleigh-Ritz method is then applied to solve the buckling problem of VAT plates by using the stress distribution results from in-plane analysis of VAT plates. The potential energy (Π b ) of a VAT plate under bending is expressed using the transverse displacement (w) and the force function (Φ) in the following form,
The transverse displacement (w) is expanded into a series and is required to satisfy the plate boundary conditions [29] ,
Substituting Eq. (15) 
Two different forms of the normalized buckling coefficients are used for the VAT plates in this paper, as following,
The first one is expressed with respect to the longitudinal Young's modulus (E 1 ) for the specific purpose of comparison with literature results [5, 6] . An alternative form (K * x ) is defined by the ratio of its average buckling load to that of a corresponding homogeneous quasi-isotropic laminate. The latter gives a direct measure of performance over a realistic laminate. The evaluation of buckling load of a quasi-isotropic laminate based on an equivalent bending stiffness is given by,
where ν iso and E iso are equivalent Poisson's ratio and equivalent Young's modulus, respectively. U 1 , U 2 , U 4 are material invariants [30] .
Legendre polynomials
Principally, the admissible functions for the model implementation are chosen to be any complete series, such as trigonometric Fourier series, beam functions or polynomials. The Legendre polynomials are adopted in this work, for the series expansion of the admissible functions, which are X p (ξ), Y q (η), ψ k (η), X m (ξ) and Y n (η) in Eqs. (11, 12, 15) . Legendre polynomials capture localised behaviour well due to the non-periodic nature of successive polynomials whilst, on the other hand, trigonometric functions, due to their periodicity, require high frequency modes to capture localised effects [31] . As such, Legendre polynomials tend to yield better convergence properties for localised responses than trigonometric Fourier series. Legendre polynomials are defined as,
To satisfy the stress-free constraints, the admissible functions X p (ξ), Y q (η) in function Φ 1 (ξ, η) are expanded using Legendre polynomials and are given as [16, 26, 27] ,
Also, the admissible functions X m (ξ), Y n (η) are expressed using Legendre polynomials to satisfy the geometric boundary conditions of the out-of-plane displacement (w) and is given by,
where ι = 0, 1, 2 for free, simply-supported and clamped edges boundary conditions, respectively. Legendre polynomials (or other orthogonal polynomials) also exhibit good convergence properties in the presence of flexural anisotropy (D 16 , D 26 ) in VAT plates [28] . The efficiency of evaluating the integrations in the matrices of Eqs. (13) and (16) is highly important for the implementation of the Rayleigh-Ritz method. Numerical integration methods can be directly applied, for example the quasi-Monte Carlo method [32] . Alternatively, each function in the stiffness matrices can be expanded into a double Fourier-Legendre series [33] as follows [34] ,
where i, j = 1, 2, 6 and the coefficients Γ 
Substituting Eqs. (23, 24) into Eqs. (26, 14) , each integrand is simplified into a sum of several triple products of Legendre polynomials [35] , therefore the closed-form solutions of integration can be obtained. The coefficients (Γ a ij mn , Γ D ij mn ) may be evaluated numerically in terms of lamination parameters which reduces computational effort. The number of terms (R, S) chosen in the series expansion of Eq. (23,24) depends on the nonlinearity of fibre angles. For linear variation (LV) or any general NLV fibre representation, a significant finding is that only five to seven terms of series expansion along each direction appears to be a good compromise between accuracy and computational effort.
Buckling Optimisation
In this paper, a GA [21] is used to determine the optimal distribution of fibre angles for the maximum buckling load of VAT [±θ 1 / ± θ 2 ] s laminates subject to uniform displacement compression. The optimisation procedure is based on the proposed formula of the NLV of fibre-orientation angles (Eq. 2) to design VAT plates for maximum buckling load. The fibre angles at a set of pre-selected reference points are chosen as design variables. In the GA optimal search, a sufficiently large population and generation are used to avoid local optimisation results. Several trials of the GA search with different initial populations were performed to obtain converged results. The crossover and mutation probabilities are chosen to be 0.7 and 0.04. Due to the symmetry of the buckling problem in terms of boundary conditions, geometry and loadings, the fibre angle distribution is designed to be doubly symmetric, that is θ(x, y) = θ(|x|, |y|). The reference points, as shown in Figure 1 , are chosen to uniformly fill the plate domain to define the NLV of fibre orientations. The optimisation problem is stated as,
This optimisation problem on the general symmetric laminates that are independent of the number of layers had been studied by IJsselmuiden et al. [6] using lamination parameters and a gradient-based optimiser. As the lamination parameters forms a complete design space for general laminates, their results are considered as the upper bound to this problem [36] . The optimisation results for the VAT plates under different plate boundary conditions are presented in the next section.
Results and Discussion
Model Validation
In this section, the convergence of prebuckling and buckling analysis of VAT plates using the Rayleigh-Ritz method is studied and the results are validated using FEM simulation. For all numerical examples, lamina properties are E 1 = 181GPa, E 2 = 10.273GPa, G 12 = 7.1705GPa, ν = 0.28, with thickness of each equal to 0.127mm. Square VAT plates (a = b = 0.254m) with linear fibre orientation distribution ([φ ± T 0 |T 1 ] 2s ) subject to uniform displacement compression with the transverse edges free to deform and all the plate edges simply-supported are considered for the model validation. The FEM modelling for the prebuckling and buckling analysis of VAT plates was done using ABAQUS and an additional routine was developed to generate ABAQUS composite elements with independent fibre orientations. The S4 shell element was chosen for discretization of the VAT plate structure and a mesh density of 40 × 40 was selected to achieve the required accuracy.
A square VAT plate [0 ± 45|0 ] 2s is used for the prebuckling model validation. The in-plane stress resultants of the VAT plate under uniform end shortening are nonuniform and vary with the x, y directions [8] . Numerical results of the stress resultant distributions of the VAT plate computed using the Rayleigh-Ritz method and FEM simulation are shown in Fig. 3 . The three set of curves in Fig. 3 show the nonuniform variation of the normalised stress resultants across different sections, N x at x = a/2, N x at y = b/2 and N y at y = 0 and the Rayleigh-Ritz results matches well with FEM solution. Fig. 3 also provides information about the number of terms (P + 1, Q + 1, K + 1) required for each series expansion of Φ to achieve accurate stress resultant results.
The numerical convergence of critical buckling load of VAT plates with respect to the number of polynomial terms used in the Rayleigh-Ritz method is examined for two different VAT plate configurations, Fig. 4 correspond to the inplane stress resultants used for buckling analysis which are determined using different number of terms for the series expansion of Φ in the prebuckling analysis. Fig. 4 indicates that the accuracy of prebuckling solutions have only a slight influence on the evaluation of buckling load and this is because the buckling analysis of VAT plates only takes into account an average effect of in-plane stress fields.
SSSS Square Laminates
A square, symmetric and balanced VAT laminate ([±θ 1 / ± θ 2 ] s ) subject to axial compression and simply supported boundary condition is considered in this study. A GA was applied to determine the optimal fibre representations for maximum buckling load and the results are shown in Table 1 . The buckling load results of the first two modes closely match and are listed in Table 1 . To achieve good accuracy, 7 terms of Legendre polynomials were used for prebuckling analysis and 9 terms were used for buckling analysis. The FEM results are shown in parentheses in Table 1 for the validation. In each optimal design, different configurations of reference points (design variables) for the NLV fibre angles were used and are illustrated in Fig. 5 . The corresponding fibre angles at reference points of each design are given in Table 2 . Using Eq. (2), the distributions of fibre angles in the VAT plate can be explicitly determined. If the fibre angles are varying along one direction, the fibre tow trajectories can be directly determined via the numerical integration of tan(θ) [7] . The streamline approach was used for determining the smooth tow trajectories in the plate for the fibre angles varying with both axes directions (NLV(x, y)) [12] .
The optimal results in Table 1 for maximum buckling load closely matches the results given in IJsselmuiden et al.'s work [6] . Although the transverse edges in [6] are defined to remain straight, it was found that the difference in the results from our freely deforming (stress free) condition was small. The first VAT plate (#1) optimal design is based on fibre variation only in the transverse direction and the buckling load result matches well. As shown in Table 2 , only 3 reference points were used to design each layup and results in a parabolic distribution of fibre angles. The remaining two VAT plate designs are based on nonlinear fibre variation in both the directions θ = θ(x, y). For the second VAT plate, 3-by-3 design variables (M 1 , M 2 = 3, N 1 , N 2 = 3) are used for each layer as shown in Fig. 5 . The third VAT plate (#3) is obtained from the second result but the inner layers ([±θ 2 ] s ) are re-designed by using more reference points (5-by-5), resulting in further improvement of buckling load. The fibre angle distributions and the buckling load results matches well with results presented by van Campen and Gürdal [19] . Note, the flexuraltwisting coupling (D 16 , D 26 ) for the symmetric laminates are considered in the computation of critical buckling load in this work, whereas it is ignored in [6] and [19] .
Figs. 6 and 7 illustrate the nonuniform stress resultant distribution and the first two buckling modes shapes of an optimal VAT plate (#2), respectively. The results obtained using the Rayleigh-Ritz method matches well with FEM and thus it clearly shows the robustness of the proposed models. Fig. 6 shows that the stress resultant (N x ) redistribute away from the central region of the plate towards the transverse edges and confirms that load redistribution is the main driver for buckling improvement of VAT plates [2, 5, 6] . The buckling modes of the optimal VAT plate shown in Fig. 7 are analogous to the buckling patterns of orthotropic plates and this behaviour indicates the D 26 ) of laminates was suppressed for the optimal design of maximum buckling performance. The suppression of flexural anisotropy was achieved through designing the fibre angles distribution of +θ 1 and +θ 2 to be opposite directions, as illustrated in Table 2 .
SSSF Long Laminates
In this section, the buckling analysis of long VAT plates with one edge free and others simply supported is studied using the Rayleigh-Ritz method. The length of the VAT plate was selected to be 20 times its width (µ = 20) to model a long structure, such as a stringer (or half flange of an I-section), in which the boundary conditions at the short ends have little influence on buckling performance. From the discussions above, it is clear that the lateral load redistribution is the main contribution to buckling improvement of VAT plates subjected to uniaxial compression. Thus, only the cases of transversely varying fibre orientations, θ = θ(y), are chosen for the preliminary study of this problem. The buckling mode shape of the long plate did not possess any symmetry along the y direction and thus, two reference points for LV fibre representation are chosen at y = 0 (T 0 ) and y = b (T 1 ). For the parabolic distribution of fibre angle, three reference points located at y = 0, b/2, b (T 0 , T 1 , T 2 ) were used. Fig. 8 illustrates a segment of tow trajectories formed by parabolically varying fibre angles in a long SSSF laminate.
Optimal buckling coefficient results of VAT plates with either LV or NLV fibre angles obtained using our standard GA search are listed in Table 3 . A mesh density of 200 × 10 was chosen for the FEM analysis and the results are presented in Table 3 within parentheses for validation. The results show significant increase of buckling load up to 255% can be achieved for the SSSF long VAT laminates with an 8-layer balanced symmetric lay-up. This improvement is due to the redistribution of the compression load away from the free edge towards the simply supported edge. It is observed that parabolically varying the fibre angles has nearly a 20% gain in the buckling load compared to LV fibre angles. The buckling mode shape of the VAT plate with NLV(y) of fibre representation ([±θ 1 / ± θ 2 ] s ) is computed using the Rayleigh-Ritz method and FEM and is shown in Fig. 9 . It is also interesting to note that the buckling mode shape of VAT plates is skewed to one side of the plate, which is not observed for a straight fibre laminate with balanced symmetric lay-ups, but is shown in highly flexural anisotropic laminates [37] . The work of this section also exhibits the robustness of proposed models for the VAT plates involved flexural anisotropy and free edges.
Conclusion
In this paper, methodologies based on the Rayleigh-Ritz method were applied for the prebuckling and buckling analysis of general variable stiffness plates. The approaches are applicable to mixed boundary conditions and were found to be computationally less expensive compared to FEM. Principally, the merits of the new models for VAT plates benefits from utilizing the complementary energy expressed by Airy's stress function and the Legendre polynomials. Numerical results on VAT plates of linearly varying fibre angles demonstrated the accuracy and fast convergence features of those approaches.
A new formula for the nonlinear distribution of fibre angles was proposed, in which the coefficients of polynomials directly reflect the fibre angles at selected reference points. Preliminary optimisation for maximum buckling load of VAT laminates was implemented using a GA and the results obtained were close to published results achieved by using lamination parameters. Consequently, the advantages of using this new representation to describe the fibre angles were demonstrated. The study of an infinitely long VAT plate with one free edge further highlighted the proposed methodologies, as well as the distinct superiority of using variable angle tows for enhanced buckling response of composite laminates.
The expressions of the matrix K and L in Eq. (16) are given by, 
